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In this paper we obtain a q-deformation of the Lie superalgebra sp/(2, 1), which
is in correspondence with its one-parameter quantum group. This procedure
suggests a two-parameter deformation of the Lie superalgebra which leads to the
two-parameter quantum group.

Recently a great deal of attention has been paid to the algebraic structure
called a quantum group; this algebraic structure was created by Jimbo and Drin-
feld [1,2]. The one parameter quantum groups are introduced as one-parameter
deformations of the universal enveloping algebra U(L) of an algebra L leading
to noncommutative and noncocommutative Hopf algebra U,(L), namely the
quantum groups; quantum groups would be also considered as a nontrivial gen-
eralization of the ordinary Lie groups. (If Lis a Lie algebra, we deal with quan-
tum groups and if L is a Lie superalgebra we deal with quantum supergroups
[3-5]). One of the simplest examples of a quantum group is SU,(2) and its
realization, which has been obtained by Biedenharn and Macfarlane [6,7]. The
g-deformation of the supersymmetric oscillator including the q-creation and q-
annihilation operators is considered in, e.g., refs. 3,4, 9, and 10.

The two parameter R, ,-matrix given in ref. 13 of the two-parameter
quantum group has been extensively used [11,12], where R, = R,;-T,
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with the Hecke relation
(Gpg + 1)(Cpy — Upg) =0: Gy =p 'Ry

where R, is the R-matrix of the one-parameter group [14].

Let us consider the Lie superalgebra spl(2, 1) whose even part is s/(2)
X gl(1); the generators J3, J+ of s/(2) are called isospin and the generator B
of gl(1) is called baryon number. The odd generators V+ and W=+ carry baryon
number +1/2 and —1/2, resp.; they are s/(2) spinors. The Lie superalgebra
spl(2, 1) is represented by eight generators J+, V+, W«, J3, and B such that

[J5, J+] = +J, [Je, J-] = 2J3
[B, J+] = [B, J3] = 0, [J5, Vi] = +5 Vs

[B, V+] =1V, [B, W] = =5 W=
[Je, V5] = Ve, [Js, Ws] = W
[J3, W] = £5Wa, [Jx, Vi] = [J+, W] =0

Wae, Va} = {Vs, V2} =0, We, We = {(Ws, Wz} =0
{Vi, Wi} = i.]i, {Vi, Wi} = _.]3 +* B

We assume that

[J3, Va] = 5V (1)
[J3, We] = £5 W ()
Ve, Wi = f(q)J+ (3)
V-, w-} = g(g)J- 4)

where f(¢) and g(¢g) are functions of ¢.
We can now prove that our assumptions is consistent with the commuta-
tion relation of the Lie superalgebra sp/(2, 1), that is,

[J3, J+] = J+ (5)
[J3,J-] = —J- (6)
Consider now the following assumption:
Ve, W-} = —F(J3) + B (7)
V-, Wi} = —F(J5) — B ®)
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where F(J3) is an arbitrary function of J3, then we deduce that

[+, V]:J%{F(J3)_FJ3_%}V+
[J V]=—2 F(Js) — F|J + L4\
C e ! 2}
[J W]ZL F(J)—FJ—l w.
BRNIO) I 3 2} ’
2 1
[J-, Wi] = F(J5) — F|Js + = |lw-

[B, Vi] = JF(J3) — F(J3

P
v = e - (J;)}

[B, W.] = —{F(Jg) - F(.13 - %)}W
[B, W-] = {F(Jg) - F(J3 + %)}W

[J+, J-]

+ | —B — F(J3) + 2F(J3 + % :|VW+

~ A
—|B-FU) + 2F(.13 - 5) VW -

)‘W}

+| B+ FJs) — 2F(J3 -

N =

_ 1 _ 1
= {[B F(J5) + 2F(J3 + 2):|WV+
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Now we define the following three types of g-number:

X2 . —s2

g _—4q

= — 18
[] q1/2 —yq 172 (18)
[, = % (19)

q q

x/2 + —x/2
[x]+ = "+ g " (20)
where [x]+[x] = [x],.
If we choose F(J3) as
F(J3) = [J3]q (21)
we obtain

2 |1 17]
Jovili=—=—==2r-=1|1 22
[ ]f(q>2][32+ .

_ =201 1]
[J-, Vi] = o 2][2.13 + +V7 (23)

_ 201 1]
[J+, W-] _f(q) 2:|[2J3 5 +W+ (24)

_ =201 1]
[J-, W4] = (@) 2:|[2J3 + 5 +W7 (25)
[B, Vi] = BT % (26)

) + 2 3 2 . +
[BV]zl A (27)

T 2 PTal

_ 1 1
[B, Wi] = —[2][2.13 — 2:| W. (28)
1 1

[B, W_] = —[2][213 + 2] w- (29)
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[, J-] = (q)lf(q) (B — [Js], + 2[5 + 112])W-V.

+ (=B — [B]y + 2[Js + 112])V-W-
— (B — [Js]y + 2[Js — 112]) VW
+ (B + [J5]y — 2[Js — 112]) WV} (30)

Now when ¢ tends to 1 equation (22) becomes

[J+, V—] = _ Vs
)
but [Js, V-] = V4; then f(1) = 1, and equation (23) becomes
—1
[J V+] =—__V-
g(l)

but [J-, Vi] = V-, so we deduce that g(1) = —1. We can choose f(g) and
g(q) as follows:

2 -2
) =" s g(g) = - (31)
q1/2 + q 12 q1/2 + q 12

or any other form such that f(¢) > 1 as ¢ — 1 and g(q) > —1 as ¢ —> 1.
Then we have

_inf 1]
e V1= @ 4 ) 5][2.13 - (2
+
_inf 1]
oVl = @+ g7 5][2.13 | (33)
+
_inaf 1]
e W1 = (4" + g 7'") 5][% - w (34)
+
_ 1 1]
o ] = (g + g7 5][% LA (39)
+

Vi (36)

B, V-1= 1 2J -i'l V 37
(8. V-] [2][ s 2]+ a7
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1
205 — -] W (38)
2 +

[B,W-]= — %][2.13 + l;| w- (39)

+ (=B — [Bs]q + 2[J3 + 12])V-W-
— (B — [Js]y + 2[Js — 112])VaW—
+ (B + ], — 2[Js — 112])W.V-} (40)

Other g-deformation are given when we choose F(J3) in another form such
that F(J3) > Jzas ¢ —> 1 [14].

The two-parameter quantum deformation is given by considering that
f=f(p,q) and g = g(p, q), where p, g are independent arbitrary parameters.
We define the (p, ¢) number

2x

72',
(,]\—(,] X

=" . _ 41
[x]P»q (p\ +p \)(q —q 1) ( )
such that [x],, — [x]y as p = ¢; as convention we use
[(x),] = [x], when p is the parameter
[(x)q] = [x], when ¢ is the parameter
then we have
2 (28] = Dyle — [(2J3),]4[20s — 1],
Jo, Vo] = Ve (42
R TP L+ (@5 — Dyl #2
2 (2551 CJs + Dple = [I3)p]4[2/5 + 1]
Jo, Vil = Vo (43
U = L+ (@ + Dyl “
2 (25123 — Dple = [(2I3)p]+[2J5 — 1]
J+, w-] = Wi (44
Ve =100 L+ (45— Dyl @y
2 [245]J2Js + Dple = [(2J3),]4[2]3 + 1],
Jo, Wi = W_ (45
L ) L+ (@ + Dl @
(B.V.] = (2851203 — Dple — [(23)p]+[2]3 — 1], v, (46)

1+ [(45 — 1),]+
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_[251fQ@I5 + Dple = [@RI3)p]4205 + 1]

2971

[B.V-1= 1+ [(4Js + Dyl V- “7)
(253123 — D)pls — [(2I3)p]:[2J3 — 1],
B, Wil = — +
(B, W] 1+ [(43 — 1))+ W (48)
_ 25125 + Dyl — [(23),]4205 + 1]y
(B W-] = 1+ [(45 + 1)+ - “49)
1
Jo, J-] =T {{B — [ilpg + 2[Js + 12]pt W-V+
[ ] . 02p. 2) {H [J3lpg + 2[J5 Ipg}
+ {—B — [Jslpg + 2[J3 + 12]p0} V-W-
—{B — [Bilpg T+ 2[J3 — 172]p 4} VW -
+ {B + [J3lpg — 203 — 112], 3 W4V -} (50)
Now when ¢ — 1 and p — 1 equation (42) becomes
[J+, V-] = L |28
T sy T
but [J+, V-] = V4; then f(1, 1) = 1. Also equation (43) becomes
—1
J_, Vi =
S T
but [J-, V4] = V-; we deduce that g(1, 1) = —1.
When we choose f(p, ¢) and g(p, q) as
S =T —m. fp =T 6D
b, q p1/2 + ([1/2 > g\p, q p1/2 + ([1/2
then we have
— 12 —12 [2J3]a[(2J3 — 1)p]+ — [(2J3)p]+[2J3 _ 1]q
— 12 —12 [2J3]q[(2J3 + 1)p]+ — [(2J3)p]+[2J3 + 1](1
[J-, V4] (p"tqg ™) 1[4+ Dyl V- (53)
[J+, Wf] _ (pl/z + (171/2) [2/3]4(2J5 — 1)p]+ — [(2J3)D]+[2J3 — 1](1 W, (54)

1+ [(4J5 — 1))+
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(2/:1[ (25 + Dple = [(2T3),]4[205 + 1]

— 12 12
[J-, W] (p=+qg ™) L+ [+ Dyl W-(55)
(B.V.] = (251 2Js — Dple — [(2I3)p]+[2J5 — 1] v, (56)
1 +[(4J; — 1),]+
_ _[2J3]a[(2J3 + Dyl — [I3)p]4[205 + 1],
[B.V-1= 1+ [(4J; + 1)1+ (57)
_ _[2J3]a[(2J3 = Dple = [(2J3),]4+[25 — 1],
[B, W+] = T+ [(4s — 1)) W (58)
_ A1+ Dyl = [(J3)p]4[205 + 1]y
(B, W-1= 1+ [(4J5 + 1))+ (59)
12y 2
e J-1 = —("—2"—) (B = [l + 2005 + 12Dy} WV
+{—=B — [Ja]pg + 2[Js + 112], g} V-W-
— (B — [Jslpg + 2[J3 — 112]p g} VeV -
+ (B + [Ja]py — 2[J3 — 112], ) WV} (60)

In this paper we have extended the method of one-parameter quantum
deformation (q-deformation) of Lie superalgebra to two-parameter quantum
deformation with two parameters p, ¢ having no specific relation. We hope
that it will be applicable for other types of Lie superalgebra and also for
multiparameter quantum deformations.
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